Spin dependent masses and Sim{2) symmetry 
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Recently, Cohen and Glashow pointed out that all known experimental tests of relativistic kine- 
matics are consistent with invariance of physics under the four-parameter subgroup Sim(2) of the 
Lorentz group. The massive one-particle irreducible representations of ISim{2), that is Sim{2) 
times spacetime translations, are all one-dimensional, labeled by spin along a preferred axis. Conse- 
quently particle theories based on this symmetry can accomodate lepton number conserving masses 
for left-handed neutrinos without the need to introduce sterile states. The same property of massive 
particle representations, however, also leads to the possibility that particle masses may be split 
within the diffferent spins of a representation of the ordinary Poincare group. In this article we 
investigate the low-energy structure of theories with spin dependent masses and comment on the 
bounds on such effects. 



I. INTRODUCTION 

It is usually assumed that spacetime symmetries can 
only break spontaneously through the emergence of some 
non-zero order parameter, for instance a classical back- 
ground tensor field, that carries spacetime quantum num- 
bers. This order parameter then controls the magnitude 
of the symmmetry breaking effects. It also serves as 
a 'spurion' for constructing local operators in the La- 
grangian that mediate the effects of the broken symme- 
try while at the same time preserving the group H of 
spacetime tranfromations that remain unbroken. 

Recently, Cohen and Glashow [1] pointed out that for 
some choices of H the effects of symmetry breaking can- 
not be described in this way. It is possible, for instance, 
for the 5*0(3, 1) Lorentz invariance of physics to break 
down to the subgroups Hom(2) or Sim{2). These sub- 
groups do not admit invariant tensors which could act 
as spurious. Consequently, the breaking of S0{2>, 1) to 
either Hom{2) or Sim{2) cannot be described in terms 
of local, symmetry breaking operators. This situation 
was referred to as "very special relativity" (VSR) by the 
authors of 

There are many theories that might exhibit minute de- 
partures from Lorentz symmetry at low energies, see for 
example Refs. The experimental consequences 

depend on the surviving symmetry group and have been 
subject to numerous studies, see Refs. [l, 0, B H, E) [Hlj 

la. 

In this article we instead explore the consequences of 
theories without an order parameter proposed in Ref . . 
Studying the effects of VSR in terms of a Lagrangian 
field theory immediately runs into the obstacle that the 
operators that break Lorentz symmetry down to H — 
Hom{2), Sim{2) are necessarily non-local in spacetime. 
This means that the naive Feynman rules one would de- 
rive for such interactions, based on the underlying as- 
sumption that the quantum fields are causal, may not 
apply in VSR theories. To circumvent this, we will con- 
sider processes (matrix elements) with at most one parti- 
cle in the initial or final states. Such observables are well 
described by ordinary quantum mechanics, and none of 



the off-shell ambiguities associated with non-local Feyn- 
man rules arise. 

In order to construct such observables, we take as our 
starting the one-particle representations of the inhomo- 
geneous group ISim{2) {Sim{2) plus spacetime transla- 
tions). We concentrate on Sim{2) symmetry in which 
case the little group of massive particles consists of only 
the rotations about a preferred axis. Thus massive parti- 
cle representations are one-dimensional, labeled by spin 
about this axis and by the mass eigenvalue m? — P^P^ . 
Consequently, states of different spins correspond to in- 
dependent particles: they can have different masses and 
interactions. 

Given this, we then calculate the most general matrix 
elements of local operators (for instance the electromag- 
netic current J''(a;)) between one-particle states that are 
allowed by Sim{2) symmetry. We apply this result to 
study the effects of Sim{2) symmetry on the electromag- 
netic properties of electrons. Besides the usual electro- 
magnetic form factors of 5*0(3, 1) invariant QED, several 
new terms consistent with VSR are allowed in the ma- 
trix elements of the electron current. Lorentz invariant 
electrodynamics is recovered in the limit where these new 
form factors are set to zero. The current matrix elements 
can then be used to derive an effective Hamiltonian for 
non-relativistic (NR) electrons interacting with electro- 
magnetic fields. Note however, that in the NR limit, 
the interactions allowed by VSR become local, and the 
construction of the Hamiltonian can be achieved by the 
introduction of a three-vector spurion corresponding to 
a preferred spatial direction. Thus the NR Hamiltonian 
consists of the most general set of electromagnetic mo- 
ments that can be formed from this spurion together with 
the electron degrees of freedom. 

Of the terms that arise in the NR theory, the strongest 
bounds are on the spin-dependent masses allowed by the 
Sim{2) one-particle representation theory. This effect 
manifests itself as a coupling of the form H = Amen • S. 
This operator is constrained by torsion pendulum exper- 
iments, which place the bound Ame/rrie < 10~^^ [13j . 
The parameter Arue can be set to zero by imposing PT 
invariance on the theory. However, PT is not a sym- 
metry of the Standard Model, and one expects that PT 
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violating effects are induced radiatively if not present in 
the theory from the beginning. Naive estimates of the 
magnitude of such mass sphttings exceed the experimen- 
tal bounds and indicate that VSR theories need to be 
fine tuned. 

II. SYMMETRIES 

Although the VSR groups do not admit invariant ten- 
sors, they select a preferred null direction which we 
take to be n'^ = (1,0,0,1). There are four 5*0(3,1) 
generators that have a simple action on n. Defining 
= (1,0,0,-1), a;^ = (0,1,0,0) and = (0,0,1,0), 
these generators can be written in the (1/2, 1/2) repre- 
sentation of SO {3, 1) as 

KL = '^{n^n^-n^'n,). (1) 

In an arbitrary representation, these generators satisfy 
the algebra [Ti,T2] = [Ja^K^] = 0, [Jg.^i] = iTz, 
[J3,T2] = -iTi, [i^3,Ti] = -iTi, [K3,T2] = -iT2. The 
group generated by Ti, T2, and J3 is the massless little 
group E{2) which leaves n invariant so is of no interest to 
us. Including in the list of generators leads to groups 
with no invariant tensors. The minimal group is Hom{2)^ 
generated by Ti, T2, if 3. In addition, including J3 leads 
to the group Sim{2). 

Labeling the states in one irreducible representation of 
50(3,1) by its J^tK^ eigenvalues, the action of Ti and 
T2 gives a state that has lowered by one unit. There- 
fore the only invariant subspaces under Ti_2 are either 
the whole representation, or the state with least if 3. It 
follows that the irreducible representations of the VSR 
groups are one-dimensional, labeled by the ifs eigen- 
value.^ 

We will build particle theories that are not invariant 
under the full Lorentz symmetry but only under Hom{2) 
or Sim{2). As pointed out by Cohen and Glashow, this 
reduced set of spacetime symmetries is fully compatible 
with all kinematic tests of special relativity. This follows 
simply from the fact that all inertial frames moving with 
V < \ can be reached by purely VSR transformations. 
For example, the transformation 

L{p) = exp[-i0iTi] exp[-i02'i2] G^]i[~i(j)zKz\, (2) 
with 

= 'A^ = = 2), (3) 



^ In terms of the usual j_) representations, the least state 
corresponds to |mj = j+,mj = —j—). 



takes a particle with momentum Pq = (m, 0, 0, 0) to one 
with momentum — {Ep, p). 

The fact that any two timelike vectors can be con- 
nected by a path in the VSR group makes it possible to 
construct massive onc-particle representations of the in- 
homogeneous VSR groups IHom{2) ISim{2) {Hom{2) 
and Sim(2) extended by spacetime translation genera- 
tors P^) by the usual little group methods. The little 
group for massive particles transfoming under IHom(2) 
is the trivial group and the massive particle representa- 
tions are one-dimensional. For ISim{2) the massive little 
group is the U{\) subgroup generated by J3. Again the 
representations are one-dimensional, labeled by the spin 
eigenvalue J3. Thus the one-particle states are given by 
|p, s) with 

Jz\p,s) ^ s\p,s). (4) 

A natural definition of states satisfying these properties 
is given by 

\p,s) = U{L{p))\po,s), (5) 

where U{L{p)) is the unitary operator corresponding to 
the boost in Eq. ([2]). According to this definition, an 
ISim{2) transformation U{A) acts on the one-particle 
Hilbert space according to 

[/(A)b,s) =exp[-is0(p,A)]|Ap,s), (6) 

where the Wigner angle 9{p,A) is zero except for rota- 
tions about z. 

For example, in the framework of Ref. [1], the Hilbert 
space of a single "left-handed" massive neutrino is 
spanned by the states \k,s = —1/2). The conventional 
states of spin-1/2 fermions, for instance the electron, 
correspond to different representations, and without in- 
troducing additional symmetries may be consistently as- 
signed different values of = P^P^, 

P^\p,s ^ ±1/2, e-) ^ ml±\p,s ^ ±\/2,e-). (7) 

One may note that the discrete symmetry 

S-.x^" ^ y", (8) 

takes Ti ^ T2, ii'3 ^ if 3 and J3 — > — J3, and is an auto- 
morphism of the 5zto(2) algebra. This operation relates 
states of opposite J3, and, if reahzed, would ensure that 
TOe_|_ = me- . However, this operation is equivalent to 
the discrete symmetry PT, which is broken explicitly in 
the Standard Model. Thus if Sim{2) is realized in na- 
ture, a generic feature is the splitting of masses within 
a spin multiplet. The operation S cannot be used to re- 
late masses within members of a larger 50(3) multiplet. 
(On the other hand, it is possible to obtain supersym- 
metric extensions of the ISim{2) algebra [lB|- This can 
be used to construct ISim{2) theories in which fermionic 
and bosonic masses are related [isl [l6|.) 
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III. ELECTROMAGNETIC COUPLINGS 

In this section we explore the phenomcnological con- 
sequences of Sim{2) symmetry for low-energy QED pro- 
cesses with electrons. It is necessary to determine how 
the couplings of electrons to photons are modified by 
Sim{2). We will assume the existence of a local, con- 
served Sim{2) 4- vector current operator J^{x) that cou- 
ples to the electromagnetic field in the usual way. To 
make contact with 5*0(3, 1) invariant electrodynamics, 
we parametrize the one-particle matrix elements of this 
current in terms of quantities transforming in the Dirac 
representation of 50(3, 1), 

lj>'s'\J^^{x)\ps) = e-^^-^Us,{p')T^,,,{p',p)us{p), (9) 



with q = p — p', and T'^,^{p',p) a Dirac bilinear that 
we construct below. If the one-particle states on the left- 
hand side of this equation are those of E g. pt the spinors 
Us{p) must transform under Sim{2) as [17| 



D{A)u,{p) = e-^^^(f^^)u,(Ap), (10) 



where -D(A) is the Dirac representation of the Sim{2) 
transformation A. This equation says in particular that 
the spinors at rest must be Jz eigenstates 



Us=i/2{Pq) = y/rri 



e+ 



V J 



( \ 



Us=-i/2{pa) = ^riie- 







(11) 



V 1 / 



where the normalization is chosen for later convenience. 
From these spinors we obtain the spinors in an arbitrary 
frame by boosting. 



Us{p) = D{L{p))us{po). 



(12) 



This implies that the VSR spinors satisfy a Sim(2) mod- 
ified version of the Dirac equation [l[ 



— m± — \± 



i 



2n ■ p 



.±i/2(p) = 0. 



(13) 



Here the parameters As are related to the physical masses 



by m 



2 

e± 



- X± . The non-local nature of the Lorentz 



violating terms is due to the non-existence of Sim(2) 
invariant tensors, as pointed out in [l[. 



The matrices r^,^(p',p) are determined by Sim(2) in- 
variance and current conservation, q^T^, ^{p' ,p) = 0. 
Keeping only Dirac bilinears that give rise to terms at 
most linear in q^ one finds 



^s'{p')T^s's{p'^P>s{p) = Us'ip) (7^ + ^«'^'^«' 2(n-pXn-po ) """^^^ 

+ qsSs'sUs'ip'hs 1^ + Ktt, 77 77 H 7 — \ — TTiCT'"''^,. Us{p) 

\ 2{n-p){n-p') n-[p + p') J 



^uAp'KFr + ti^Fry^quMp) 

2m 



imF§ ^ 



{n 


■p){n 


■P') 




imFg 


S 


{n 


■p){n 


■P') 




Ff'' 


—u.. 



— [n ■ qa'^'n^ - n^a^Pq^Up) u^ip) 



-n • 9 Us{p) 



n-{p + p') ■ \ 2{n ■ p){n ■ p') 

+ uApwr - ^s^^'^) (^r^(^c,9^""7^-.(p)- (14) 
I 

Note that in this equation, we have tuned the Dirac identity. The second line of this equation contain terms 
masses m_|_ = m_ = m. This is required by the Ward 
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that survive in the ^ Umit, and corresponds to 
spin-dependent electromagnetic charges for the electron. 
Although this is certainly consistent with the one-particle 
representations oi ISim(2), it excludes spin-flipping elec- 
tromagnetic transitions. Consequently, the fine-tuning 
= is required to obtain an acceptable phenomenol- 
ogy. In addition, this term may be inconsistent quantum 
mechanically due to anomalies. 

In order to find the non-relativistic (NR) Hamilto- 
nian for electrons interacting with background electro- 
magnetic fields, we match the q'^ ^ limit of the scat- 
tering amplitude 

{p,s'\iT\p, s) = ie J d'^xe^''''''^ Af^{x)us>{p')T^s,s{p' ,p)us{p) 

(15) 



to the same result in the NR theory. Including the 
NR expasion of the particle energies as well, the part 
of the NR Hamiltonian that violates Lorentz symmetry 
is HvsR = ^^Am + Hem, where 



i/Am = Amen • S, (16) 



and Hem contains, in addition to the conventional elec- 
tromagnetic couplings, operators of the form 



H. 



EM 



+ 



- — 2^(n.S) (p-A + A-p) 

e 



2m, 



-n- (5S|| B + E) 



2to, 



-S • {gs^n X E + gs^n x B) 



2m( 



(n-S) (5^,,(n.B)-H5k„(n-E)) 



(17) 



Here me = (me-i- -I- me-)/2, Ame = me+ — me-. The 
coupling constants ffSn.Bn, gB^,E^, and g'B^^,E^^ can be 
expressed as linear combinations of the VSR parameters 
A±, and Ff * in a way that is calculable from Eq. 
These expressions are not needed in what follows^. 

Note that the electromagnetic couplings generated by 
the Sim{2) covariant current J^(x) comprise the most 
general set of NR operators that can be constructed from 
the electromagnetic field and the 'spurion' represented by 
the preferred direction n. This follows from the obser- 
vation that in the NR limit, the non-local terms propor- 
tional to powers of l/{n ■ p) have an expansion which 
is analytic about zero three-momentum and thus corre- 
spond to local NR operators. Therefore, the structure 
of the low energy Sim{2) QED Hamiltonian is largely 
indistinguishable from that of theories in which Lorentz 
symmetry is spontaneously broken. 

Nevertheless, it is possible that Sim{2) symmetry im- 
plies correlations among the low energy couplings ap- 
pearing in the Hamiltonian Hem- For example, it is 
argued in Ref. (l| that SU{2)l gauge invariance may re- 
late VSR neutrino masses to the parameters X± in the 
VSR-modified Dirac equation for the electron. If all other 
electromagnetic form factors in Eq. ([T^ were set to zero, 
this would yield a value gE± ^ 10~^^ near current ex- 



^ In order to cast Hem in a form that has a convetional hmit as 
the Lorentz breaking parameters go to zero, it is necessary to 
perform unitary transformation on the spin operator acting on 
Sim{2) states. See the appendix for details. 



perimental limits. The question of whether gEi_ arises 
solely from neutrino mass effects or partially from other 
Sim{2) effects (encoded in the coefficients Fi) cannot be 
addressed without knowing more details about the spe- 
cific mechanism that would generate Sim{2) rather than 
50(3, 1) as the spacetime symmetry of nature. 

Of the parameters appearing in the NR Hamiltonian, 
Eqs. (fT6|) . (|17p. the most stringent bound is on the pa- 
rameter Ame. This comes from a recent torsion pendu- 
lum experiment with a macroscopic number of polarized 
electrons [ll] . This experiment looks for torques induced 
by the Earth's motion relative to the frame in which the 
direction n is constant. Failure to detect such a signal 
puts a bound Ame/mg < 10~^^. We expect the limits 
on the electric moments to be comparable to the limit on 
the ordinary electric moment that is gs < 10~^^ [l^. It 
would be interesting to investigate what the experimen- 
tal bounds on the magnetic moments are, but we do not 
expect those bounds to be as tight as the bounds on the 
electric moments. 



IV. CONCLUSION 

If nature is described by Sim{2) theories, massive 
particle multiplets are one-dimensional, labeled by spin 
along a preferred axis, and particle properties become 
spin dependent. In this paper, we have explored the con- 
sequences of this reduced symmetry on the low energy 
properties of electrons. We find that experiments put 
strong bounds on possible symmetry breaking effects. In 
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particular, the PT violating spin dependent mass differ- 
ence is bounded to be Awe/me < 10~^^. Such effects 
would be generated radiatively by Standard Model loops 
and arc likely to exceed this bound, indicating that some 
fine tuning may be necessary. 

In this paper we have focused on implications of 
Sim{2) symmetry at low energies, where calculations 
based on one-particle quantum mechanics are sufhcient. 
In order to understand the full consequences of VSR, 
however, several theoretical issues remain. For instance, 
it is not clear whether a multi-particle quantum the- 
ory based on one-particle representations of ISim{2) (or 
equivalently, second quantization of the non-local Dirac 
equation) can be constructed in terms of causal quan- 
tum fields. Even if such a field theoretic description is 
found, it would be non-trivial to formulate it in a way 
compatible with general coordinate invariance. Thus the 
question of whether Sim(2) symmetry can be made con- 
sistent with the Standard Model plus general relativity 
is still an open one. 
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which arises from the 7'' part of the matrix element. 
This would seem to be in stark contrast with experiment. 
However, in the Lorentz limit, it is possible to define a 
spin operator acting on the states of Eq. ([5]) by 



01 



1 



2E, 



■ul,{p) 



0-72 

crV2 



(A2) 



which satisfies the SU{2) commutation relations. Using 
the spinors corresponding to Sim{2) one-particle states, 
one finds that to linear order in momentum, this operator 
has the following form on NR states 



S = ^ff+^ax (nxp) + 0(p2). (A3) 



In order to identify the terms in Hmr with electromag- 
netic moments as quoted by precision atomic physics ex- 
periments, it is necessary to use a conventionally defined 
spin operator Sc = cr/2. To linear order in l/m, such an 
operator is related to the spin operator of Eq. (|A3p by a 
unitary transformation Sc = f/SC/^, where 
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U = exp 



— (T • (n X p) 

m 



(A4) 



(Note that in the presence of a background field, the 
correct unitary transformation requires the substitution 
p ^ p + eA(a;).). In this new frame, states evolve ac- 
cording to a new Hamiltonian 



APPENDIX A: SPIN REDEFINITIONS 



In taking the naive low energy limit of Eq. ([14]) one 
ecounters the following term 



2m, 



■a ■ [nx E), 



= cr-(nxE) + 0(l/TO2). (A5) 

2m 



Thus in the frame in which the spin is conventional, the 
effects of the operator He^^ , are cancelled to zeroth order 



(Al) in the Lorentz breaking terms. 
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